I construct a minimal formalism to describe transport in the presence of non local correlations arising when a superconductor is in contact with several ferromagnetic electrodes. Transport theory is expressed in terms of single site effective Green's functions. I
Introduction
There are two important challenges in phase coherent transport phenomena. One is to fabricate quantum bits for quantum computing [1, 2, 3, 4, 5, 6] . The other is to make an Einstein, Podolsky, Rosen (EPR) experiment, that would be able to probe Bell inequalities with electrons [7] . Bell inequalities have already been tested experimentally with photons [8, 9] , being massless particles. EPR experiments constitute one of the ultimate tests of quantum mechanics, which is a non local theory without hidden variables (at least with photons). At the present stage, there exists no clear proposal of what should be an EPR experiment with electrons. It is not even known whether it is possible to propose a realistic situation in which a transport experiment could detect the presence/absence of hidden variables with electrons. However, what is known is that the basic condition required to design an EPR experiment with electrons is to have a source of entangled states. One possibility proposed in Ref. [5] is to use a double quantum dot. Another possibility proposed in Ref. [10] is to use a superconductor connected to a normal metal. Another possibility proposed by the present author is to use ferromagnetic electrodes connected to a superconductor. In this situation, the gap of the superconductor was found to depend explicitly on the spin orientation of the ferromagnetic electrodes [11] . This shows that the presence/absence of entanglement can change even the thermodynamics of a superconductor. On the other hand, it is possible to generate entangled state wave functions that can be probed in dc transport experiments by using additional ferromagnetic electrodes [11] .
To illustrate the potentiality of the systems considered in Ref. [11] , I propose here a new type of Aharonov-Bohm experiment that can be used to detect non separable correlations. In an ordinary Aharonov-Bohm experiment [12, 13] , electrons are forced to travel through a metallic ring in the presence of a magnetic flux φ inside the hole of the ring. The current oscillates periodically as a function of φ, with a period equal to the flux quantum φ 0 = h/e [14] . This is because the system behaves like an interferometer in which the phase of the electronic wave function is related to the circulation of the vector potential. These type of oscillations occur in a lot of different situations. For instance, the dual situation in which a magnetic flux is forced to travel around a magnetic charge is known as the Aharonov-Casher effect [15] . It is also very often that excitations of correlated states of matter do not carry a charge e. For instance, Cooper pairs carry a charge 2e. The associated flux quantum is h/(2e) [16] . Now when ferromagnetic electrodes are connected to a superconductor, it is possible to fabricate correlated states of the type c + α,↑ c + β,↓ |0 , in which the spin-up and spindown electrons making a Cooper pair reside in different electrodes [11] . I propose here a situation in which the spin-down electron making the Cooper pair is forced to couple to a vector potential (by propagating on a loop in the presence of a magnetic flux) while the spin-up electron is not directly coupled to the magnetic flux (it propagate in an ordinary ferromagnet without any hole). As I show, the spin-up current oscillates as a function of the flux coupled to the spin-down electron. This new type of Aharonov-Bohm effect can be viewed as a direct consequence of non separable correlations, and may be tested in future experiments.
The article is organized as follows. I first calculate the transport formula associated to non local Andreev reflections in section 2. I introduce in section 3 the basic formalism, which relies on single site effective Green's functions. Transport in the presence of entanglement is next derived in section 4.
The Aharonov-Bohm experiment is discussed in section 5. I present in section 6 a simple model for superconducting propagation along a domain wall, which appears to be a problem closely related to electronic entanglement [11] . Final remarks are given in section 7.
Warming up: transport of non local Cooper pairs
Let us start by considering the model presented on Fig. 1 , in which a superconductor is connected to N ferromagnetic electrodes. We consider that a finite voltage is applied on the superconductor, and calculate the current I n flowing into one of the ferromagnetic electrodes. The current decomposes into a sum of independent contributions. Each of these contributions can be understood as the possibility of transferring a Cooper pair from the superconductor into the ferromagnetic electrodes. 
where ρ N is the normal state density of states. The Nambu representation of the single site ferromagnetic Green's function readsĝ
, with ρ k,σ the spin-σ density of states in the ferromagnetic electrode α k . Finally, the Nambu representation of the hopping matrix element ist x,α k = t x,α kσ z .
We use Green's function techniques to evaluate the current I n flowing into the ferromagnetic electrode α n :
Since it is trivial to restore the quantum of conductance in the transport formula, I assume that e/h = 1 throughout the article.
The chain of Dyson-Keldysh equation associated to Fig. 1 takes the form
After standard manipulations, the spin-σ quasiparticle current is found to be
where the spectral line-width associated to spin-σ electrons in electrode α k is Γ k,σ = t 2 x,αx ρ k,σ , and we used the notation Γ σ = k Γ k,σ . The spin-σ Andreev current flowing into electrode α n takes the
The quasiparticle current Eqs. 5, 6 and the Andreev current Eq. 7 are similar to the one of conventional Andreev reflection [17] , except for the density of state prefactors appearing in the spectral line-widths. These prefactors reflect the fact that a spin-σ electron can be transfered in electrode α n only if it paired with a spin-(−σ) electron either in the same electrode (in which case the Cooper pair is a local object), or in another electrode (in which case a non local Cooper pair is transfered).
This shows unambiguously that the Andreev current is built up from a sum of all possible non local
Cooper pair contributions, and generalizes the situation considered in Ref. [18] . 
Effective single site Green's functions formalism
Now I describe the method that will be used throughout the remaining of the article. The strategy is to use Green's functions techniques in a single site formalism. This method has proved to be extremely powerful in the context of superconducting quantum point contacts [17] . The advantage is that simple algebraic expressions can be manipulated without using spectral representations. The basic assumption is to consider that a given site represents a phase coherent continuum of states. I take in this section the example of the metal -metal -metal junction and show how to interpret the resulting transport formula. Since I consider in the next subsection circuits without superconducting elements, the Nambu space structure is diagonal, and I can use spinless fermions without any loss of generality.
One step perturbation
Let us start to calculate the transport formula corresponding to the metal -metal -metal junction shown on Fig. 2 . We use a "one step" perturbation in which we treat simultaneously the two couplings t a,α and t b,β on the same footing. Namely, we go directly from the G's to the h's without ever using the g's (see Fig. 2 ). The chain of Dyson equations for the Green's function takes the form
The single site Green's functions are h
Eqs. 8 -9 are solved in a straightforward fashion. For instance, one obtains
.
Next, we need to calculate the Keldysh component
It is straightforward to evaluate the six terms to obtain the transport formula
Two step perturbation
Now I give another derivation of the transport formula Eq. 12. The idea is to use first a perturbation in t b,β and, in a second step, make a perturbation in t a,α . The perturbation in t a,α leads to
Therefore, we need to determine g +− α,α and g +− a,a in terms of the h's. The chain of Dyson equations The equation for the Keldysh component is
It is straightforward to solve Eqs. 14 -17, inject the propagators into Eq. 13 and find the current
Eq. 12. This shows the validity of the two-step calculation, which will be used latter in a different context.
Interpretation of the transport formula
The current Eq. 12 can be decomposed into two contributions: I a,α = I 0 + I β,b , with
and
Is is straightforward to calculate directly the current flowing through the link β -b, and show that it coincides with Eq. 19. The current I 0 given by Eq. 18 corresponds to processes in which electrons are transferred only through the interface a -α. Therefore, we are lead to consider that the region α -β is a well of current (see Fig. 3 ).
To summarize, I have shown that it is possible to carry out calculations using single site Green's functions in a two-step perturbation. The interpretation of the transport formula requires some care in the sense that one should subtract the contribution of the fake current I 0 . One this subtraction is done, the resulting transport formula is identical to the one obtained by solving the microscopic tight binding model [19] .
4 Transport in the presence of entanglement
Fabrication of entangled states
Now I use the formalism presented in section 3 to discuss entanglement. I consider that a ballistic ferromagnetic region α k -α ′ k is inserted in between the superconducting site x and the external ferromagnetic electrodes a k (see Fig. 4 ). As shown in Ref. [11] , the wave function in the ballistic regions is entangled. For instance, in the presence of three fully polarized ferromagnetic regions connected to the superconductor having a spin orientation σ α =↑, σ β = σ γ =↓, the wave function is [11] |ψ = c
This wave function is the only one that can guarantee the correct pairing associated to the formation of non local Cooper pairs.
Before continuing, it is worth recalling the well known EPR paradox [20, 21] . Let us consider a collision of two spin-1/2 electrons. The collision is represented by an antiferromagnetic exchange interaction J(τ )S 1 .S 2 , where J(τ ) is constant in the time interval [0, t] and zero otherwise. After the collision, the system is represented by the entangled state
with Ω = J/2. Let us imagine that two observers O 1 and O 2 use an apparatus (i.e. a Stern and Gerlach magnet) to measure the spin orientation of S 1 and S 2 . The observator O 1 measuring S z 1 will find 1/2 with a probability cos 2 (Ωt) and −1/2 with a probability sin 2 (Ωt). Once the observer O 1 has made his measurement, the wave function collapses and with a probability one, the observer O 2 measuring S z 2 would find S z 2 = 1/2 if O 1 has measured S z 1 = −1/2, and S z 2 = −1/2 if O 1 has measured S z 1 = 1/2. Quantum mechanics contains non separable correlations, which is the famous EPR paradox [20] . As pointed out by Bell, there exists a basic difference between quantum mechanics and hidden variable theories [7] . It has been demonstrated experimentally that Bell inequalities were violated with photons [8, 9] , therefore ruling out hidden variable theories (at least with photons). As already mentioned in the Introduction, it is an open question to test the EPR paradox with electrons.
The dictionary between the Cooper pair wave function Eq. 20 and the spin-1/2 wave function Eq. 21 is the following:
Single site effective Green's functions
The strategy to solve the model on Fig. 4 to use the two step perturbation theory presented in section 3.2. Let us first treat the link α ′ -a in perturbation (see Fig. 4 ). Since the superconducting site has been disconnected and there is no source of spin flip scattering, the Dyson equations decouple into a spin-up and a spin-down component. We note h i,j the Green's functions of the disconnected system, i.e. with t a,α k = 0. The Dyson equation for the Keldysh component has already been given in section 3. The solution takes the form g +− α,α,σ = 2iπn F (ω)ρ α,σ , and g A,R α,α,σ = ±iπρ α,σ , with the renormalized density of statesρ
Next, I use a perturbation in t x,α k to calculate the Andreev current. This is done by noticing that the physical current I α ′ ,a is a finite fraction of the current incoming at site α (see Eqs. 18, 19):
I deduce from Eq. 24 that the Andreev current Eq. 7 is the sum of all possible Cooper pair transmissions:
where
The form Eq. 25 of the current can also be obtained by making directly a perturbation in t x,α k to evaluate the current through the link α ′ n -a n . The physical consequences of this type of transport formula have already been given elsewhere [11] . In particular, the external electrodes a k can be used to detect the entangled state Eq. 20: the Andreev current is proportional to the product of the square of the coefficients appearing in the entangled state wave function Eq. 20. This illustrates the deep relation between transport properties and the form Eq. 20 of the entangled state wave function [11] .
Aharonov-Bohm effect
Now I propose a device that can be used to probe non separable correlations. For this purpose, I
consider the geometry on Fig. 5 , in which one side of the superconductor is connected to an AharonovBohm loop (being made of a normal metal), while the other side is connected to a ferromagnet. I show that the direct current flowing through the ferromagnet is modulated by the magnetic flux enclosed by the normal metal loop. This means that the current due to one electron making a correlated pair is modulated by the flux enclosed by the other electron, which is a manifestation of non separable correlations.
Let us consider the circuit on Fig. 6 , in which the superconducting site x is connected to an 
Since we will use single site Green's functions in which a ′ and a ′′ will be represented by the same single site, this choice of the hopping insures that ϕ i,j = 2πφ/φ 0 . The first task is to solve the chain of Dyson equations = g a,a + g a,a t a,a ′ G a ′ ,a + g a,a t a,a ′′ G a ′′ ,a (27)
Next we need to calculate the Keldysh component 
One finds G A,R a,a = ±iπρ a , and G +− a,a = 2iπn F (ω)ρ a , with the renormalized density of states
and where I used the notation γ ′ = π 2 t 2 ρ ′ and
Is is straightforward to use the same procedure as in section 4.2 to obtain the current flowing into electrode β: I A β = I A β,local + I A β,↑,nonlocal + I A β,↓,nonlocal , where the local contribution takes the form
and the non local contribution is
The non local current Eq. 40 is periodic in φ/φ 0 . Note that if site β is a ferromagnetic metal with a strong spin polarization, only the non local contribution Eq. 40 is finite. If β is a normal metal There is a domain wall if α has a spin-up magnetization and β has a spin-down magnetization. I note t = t a,α = t a,β = t b,α = t b,β and t ′ = t α,β . Site x is superconducting.
Propagation of superconducting correlations along a domain wall
Now, I illustrate the consequence of the model regarding the propagation of superconducting correlations along domain walls in ferromagnets. It has already been pointed out in Ref. [11] that such propagation is a source of enhancement of the proximity effect in ferromagnet / superconductor heterostructures, not against recent experiments [22, 23, 24, 25] . Here, we use the geometry on Fig. 7 to address this problem in a single site formalism. If site α has a spin-up orientation and site β has a spin-down orientation, there is one domain wall in the junction. In the presence of partially polarized ferromagnets, a spin-σ electron can be transferred across the domain wall because of the hopping matrix element t ′ . This provides a minimal model for Cooper pair penetration along domain walls.
The Dyson equations corresponding to Fig. 7 take the form
and similar equations hold for the Keldysh component. These equations are solved into G A,R a,a = ±iπρ a , G +− a,a = 2iπn F (ω)ρ a , with the renormalized density of states ρ a = ρ a 1 + π 2 t ′2 ρ α ρ β + π 2 t 2 ρ b [ρ α + ρ β + 2iπt ′ ρ α ρ β ] 1 + π 2 t ′2 ρ α ρ β + π 2 t 2 (ρ a + ρ b ) [ρ α + ρ β + 2iπt ′ ρ α ρ β ]
I deduce from Eq. 45 that the Andreev reflection current takes the form 
In the limit of fully polarized ferromagnets, the current Eqs. 46, 47 vanishes if the sites α and β have the same spin orientation. In the presence of a domain wall, α and β have an opposite spin orientation, in which case Cooper pairs can be transfered across the junction even in the presence of fully polarized ferromagnets [11] .
Conclusion
To conclude, I have provided a minimal formalism to treat non separable correlations generated when a superconductor is in contact with ferromagnetic electrodes. It has been shown how to get rid of a fake current contribution arising in this formalism. The Andreev current was found to be related to the coefficients of the entangled state wave function proposed in Ref. [11] . Namely, the Andreev current is a sum of all possible non local Cooper pair transmissions, weighted by the product of the square of the coefficients of the wave function.
The main result of the article is the proposition of a new Aharonov-Bohm experiment to test non separable correlations. In this experiment, the spin-down electron making the Cooper is forced to couple to a magnetic flux while the spin-up electron has an ordinary propagation. It has been
shown that the spin-up current oscillates as a function of the magnetic flux coupled to the spindown electron. This effect might well appear even without ferromagnetism, and might be used as an experimental probe of non separable correlations.
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